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By allowing the spin degrees of freedom, we present a generalized spin allowed (7(1) x U(l) 
Chern-Simons theory of fractional quantum Hall effects for odd and even denominator filling factors 
in single layers. This theory is shown to reproduce all possible odd denominator filling factors 
corresponding to spin-unpolarized, partially polarized, and fully polarized fractional quantum Hall 
states. Closely following our earlier theory, we derive the formal expressions of electromagnetic 
polarization tensors and Hall conductivity for the spin-unpolarized and partially polarized fractional 
quantum Hall states. Finally we report the computed spectra of collective excitations for both the 
even and odd denominator filling factors for which Kohn's theorem is satisfied. 
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I. INTRODUCTION 

The observed fractional quantum Hall effects (FQHE) 
encompass a large number of both even and odd denomi- 
nator filling factors at low temperatures and strong mag- 
netic fields [@-|. The quantum Hall effect (QHE) at 
the even-denominator filling factor Q of v = 5/2 ap- 
peared amidst numerous studies || which pay attention 
to FQHE at odd denominator filling factors. Tilted field 
experiments showed that the 5/2 FQH state is destroyed 
by Zeeman coupling indicating that the incompress- 
ible state of v = 5/2 is not fully polarized. Earlier 
Halperin || suggested that even denominator FQH states 
can exist if one allows extra degrees of freedom such as 
spin and layer index. Indeed the FQHE at v = 1/2 was 
observed in double layer systems || , and is relatively well 
understood 
of attention 



For single layer systems a great deal 
13[ has been paid to the v = 1/2 state 
using various theoretical schemes, including the fermion- 
Chern-Simons theory proposed by Lopez and Fradkin || . 
Haldane and Rezayi M| showed from their hollow core 
model study that the v =1/2 state as a spin-singlet state 
can be an incompressible state. They suggested that the 
experimentally observed FQHE at v = 5/2 could be simi- 
larly explained. Halperin, Lee, and Read jllj showed the 
v = 1/2 state as a fully polarized compressible state, by 
using the Chern-Simons (CS) theory based on Jain's com- 
posite fermion (CF) picture [Q of the u =1/2 state as a 
Fermi liquid state of spin polarized composite fermions. 
On the other hand, Belkhir and Jain |l3] suggested a 
possibility of the spin-singlet FQH state for the v = 1/2 
state at sufficiently small Zeeman energy. However, in 
the present study, we pay our prime attention to the odd 
denominator filling factors by allowing spin degrees of 
freedom, including some attention to the even denomi- 
nator filling factors. 

Besides the spin-unpolarized FQHE state at the even 
denominator filling factor of v = 5/2, some odd denomi- 
nator FQH states tend to be either the spin-unpolarized 



or partially polarized states particularly at relatively 
weak magnetic fields . The typical energy gap [|l5|jl6| 
of the FQH state is ~ 12K or ~ 0.08e 2 /d , and the Zee- 
man gap is only ~ 3K (for instance, for v = 1/3 with 
B r~j 10 T). For the case of vanishingly small Zeeman 
energy, numerical results p7| were in agreement with ex- 
periments |l4|] in that the FQH states at the even numer- 
ator filling factors are unpolarized, whereas the Laughlin 
states Q of v = l/(2m + 1) with m integer are still 
fully polarized and the FQH states at odd numerator fill- 
ing factors are partially polarized. Closely following our 
earlier work |l9| , we present a generalized spin-allowed 
U(l) x U(l) CS theory which predicts from a single CS 
coupling matrix all the known odd denominator filling 
factors for unpolarized, partially polarized, and fully po- 
larized spin states. Considering that the v = 1/2 state 
as a spin singlet state fl3|| may have some relevance to 
the experimentally observed v = 5/2 state, we present 
a Chern-Simons coupling matrix to reproduce the even 
denominator filling factors of v = 1/2 and 5/2. Focusing 
mainly on the odd denominator filling factors we derive 
the formal expressions of spin-allowed electromagnetic re- 
sponse functions, Hall conductivity and compressibility. 
In the present work we do not allow the spin-flip and 
the spin- wave mode [ pof . Thus we do not consider the 
promotion of an electron from one effective Landau level 
(LL) to another by permitting a spin-flip, nor the case of 
the spin reversed state at the same effective LL to allow 
a spin- wave mode. Finally for the sake of comparison, we 
discuss the computed results of collective excitations for 
the spin-unpolarized, partially polarized, and fully po- 
larized FQH states by choosing odd denominator filling 
factors. 

Our main objective of the present paper is two-fold; 
one for the derivation of spin-allowed states, i.e., the 
spin-unpolarized, partially polarized, and fully polarized 
states from a single Chern-Simons coupling matrix and 
the other for the revelation of differences in collective ex- 
citations between the cases of the fully polarized states 
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and the spin-unpolarized or partially polarized states for 
the odd denominator filling factors. 



II. SPIN UNPOLARIZED, PARTIALLY 
POLARIZED AND FULLY POLARIZED FQHE 

For the odd-denominator filling factors Jain proposed 
the CF wave function 

N e 

x P/(2mP±1) = n - z kf m x±p ■ (i) 
j<k=i 

Here m is a positive integer; Zj = Xj + iyj, the coor- 
dinate of the jth electron and N e , the total number of 
electrons. x±v represents a state of integer quantum Hall 
effect (IQHE) with an integer filling factor p and + (-) 
stands for vortex (anti- vortex) attachment to electrons. 
Considering the spin degrees of freedom but neglecting 
the Zeeman coupling, x±p with p = p' + p^ contains a p^ 



with 

Dl = d» + i- c {A*-al). (4) 

Here a and a' are the spin indices and a z = +1 for 
up-spin and a z = — 1 for down-spin. Vv(z) is a sec- 
ond quantized Fermi field; /x, the chemical potential and 
p a , the average particle density with spin a. AZ_ is 
the electromagnetic gauge potential and aZ, the statis- 
tical (Chern-Simons) gauge field; A°(z) = A~ a (z) and 
a 1ii z ) 7^ a u° ( z ) by allowing the independent density fluc- 
tuations of spin-up electrons and spin-down electrons. 
The second term in (^|) is the Chern-Simons term with 
the coupling matrix, a aa to be introduced below. The 
Zeeman coupling is introduced in the third term with fi b , 
the Bohr magneton. The Zeeman energy can be treated 
as a spin dependent chemical potential p2| , thus allow- 
ing the effective chemical potential, fi a = fx + g/2pBBa 
in (|3j) above. 

The Chern-Simons action in (|J) causes the statistical 
transmutation of each particle, by allowing an additional 
exchange phase as a result of attaching flux quanta to 
the particle. In the Chern-Simons term, we introduce 
the following coupling matrix, 



number of fully occupied effective LLs for spin-up elec- 
trons and a pi number of fully occupied effective LLs for 
spin-down electrons. The expression |l]) above is rewrit- 
ten H, 

x P/(2mP±1) = n ( z J- z k) 2m x P1 , Pl . (2) 

j<k=l 

For the case of p^ = P[ = p/2 with p even, the above 
state represents a spin-unpolarized (spin-singlet) state. 
For p odd it is a partially or fully polarized spin state. 
One notes from (Q) that each electron of up-spin or down- 
spin sees an even number (2m) of flux quanta attached 
to other electrons. 

Based on the above CF picture in (|J), we present a 
generalized spin-allowed U(l) x U(l) Chern-Simons the- 
ory of FQHE in order to predict all the known odd de- 
nominator filling factors. For a correlated electron sys- 
tem made of both up- and down-spin electrons in a mag- 
netic field B, we write the action for the systems of a 
single layer by allowing the spin degrees of freedom, 



(3) 



I 

aa' e ( 2m + is -2m \ , . 

^ ^ -2m 2m- ie) ' [0) 

Here tfio is the flux unit, m is an integer and e, an ar- 
bitrarily small real number which is introduced to avoid 
singularity. 

The spin-allowed Maxwell's equation, i.e., Euler- 
Lagrange equation of motion for the statistical gauge 

field a% is from (g), p a {z) - \\a™W{z) + ±{a n + 

a^)b~ a (z)^ = 0, where b a (z) is the statistical 'magnetic 
field' given by b a (z) — eijdiCij(z). We now use the fact 
q,U — q4t to write it in a simplified form 

p a (z) = -a aa 'b a ' (z) . (6) 

e 

We rewrite (g) above 

nz) = e(a™YV\z)=to( 2m 2 - i£ 2m %) • (7) 
Now by taking the limit of e — > we explicitly result in 



s = Jd 3 zJ2 + i*]M*)- 2^l Dff ^(*)l 2 

-~ J d 3 z J d 3 z' (\Mz)\ 2 -F)V^(\z-v'mAz')\ 2 -p a ') 
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b a (z) = 2m^p a (z) + 2m^op- a (z) 

= 2m<l> (f{z) + p-''{zj) . (8) 

Now we see that the expression (||) leads to the same 
interpretation of flux attachment to electrons as the CF 
picture theory described earlier; namely, an even num- 
ber of flux quanta 2m is attached to both up- and down- 
spin electrons. Even allowing independent density fluctu- 
ations for spin-up and spin-down electrons, we find that 
the symmetry, b a (z) = b~ a (z) holds as can be readily 



seen from the relation (||) above. We note from (||) that 
various possible spin polarized states can arise depending 
on the individual densities of spin- up and spin-down elec- 
trons. They are, namely, the spin-unpolarized, partially 
polarized, and fully polarized states. 

After integrating out the fermion degrees of free- 
dom in the spin-allowed partition function Z\A^ = 

/ Vip*VipVa° exp (iS(tp*, tp^^A^ and using (|) for 

the last term of (|3|) , we obtain the effective action (in the 
natural units ofe = c= 7i=l) [Q, 



1 



d 3 z ^ vX a°d v ai 



(9) 



z' (a° T b T (z) - p°) Vera' (|z - z'l) (c/ T Vy ) - (?') 



Using the saddle point approximation for the station- 
ary configurations of S c g with respect to the small flue 

tuations of the statistical gauge field a° ,vs ' 

<55 ot 







and 



8a" (z) 

mean field results, 
< P a (z) > 

<rw> 



= 0, we readily obtain the following 



ot aa < b a (z) > 

a™'<el(z)> (10) 
d 3 z' a aT V aa ,(z,z') x 

\OL a ' T ' < b T ,{ Z ') > ~p°">\ . 



where e(z) = ~dt&(z) is the 'statistical electric field'. 
Here it should be noted that our approach differs from the 
CS theory of Lopez and Fradkin |t]|^3||, that is, in deriv- 
ing ( [To| ) above we did not take the gauge field shift and 
avoided the condition of the vanishing average of fluctuat- 
ing electromagnetic field. Since the gauge shift alters the 
effective action (of course, it does not affect the partition 
function), our action without the gauge shift preserves its 
original characteristics (for further details we refer read- 
ers to our earlier work [|9|). The effective (or residual) 
magnetic field B° s is given by the difference between the 
external magnetic field B and the statistical magnetic 
field b, that is, B° s = B - {b a ) = B - (a™')- 1 ^ = 
huj e f{mbc/e. Thus the total number of effective magnetic 
flux quanta, N£ seen by the composite fermions of spin 
a is, from the use of (0), 



2mN° - 2mN- a = N4, - 2mN e (11) 



with N e = iVj + N~ l . Here is the total number of 
magnetic flux quanta and N° , the total number of elec- 
trons with spin a. 



The system becomes incompressible due to the pres- 
ence of an energy gap as a result of the complete fill- 
ing of an integer number p a of effective LL's by the 
non-interacting composite fermions of spin a. Obvi- 
ously ff — N7 a from (pr|). By definition we have 
v = N e /N^ = (JVj + N^/Nj = j/ t + A Realizing that 
p a = N f for the effective filling factor of composite 

J >eff 

fermions with spin a and v a — N° /N$ for the filling fac- 
tor of bare electrons with spin a, we obtain from (|llj) the 
filling factors for the electrons of spin a, 



(12) 



i + 2m + 2vfi^ T 



Noting that N\ = N\ , we get 
obtain from (fT^), 

p a +p~ a 



1 + 2m{p rJ +p- a ) 



Thus we 



(13) 



Now with some illustrations we check the validity of the 
expression ([l3]) whether the above expression yields all 
possible spin states for odd denominator filling factors. 
For the unpolarized FQH states we have p a = p~ a = n 
in (p_3J), thus, obtain the even numerator filling factors, 



2n 



1 + Aran 



(14) 



For example, by choosing n = m = 1, the existence of 
the spin-unpolarized v = 2/5 state with even numerator 
is predicted. If we take p~ a = p a + 1 = n for the highest 
effective LL filled with spin-down electrons in ([l3|), we 
obtain the odd numerator filling factors, 
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2n - 1 



1 + 4mn — 2m 



(15) 



By choosing n = 2 and m = 1, the partially polarized 
state of ^ = 3/7 with odd numerator is predicted. Fi- 
nally with the choice of n — 1 and thus p* = 1 and 



0, we correctly obtain from (113) the filling factor of 



1 



2m + 1 



(16) 



for the well-known fully polarized Laughlin states includ- 
ing v — 1/3. Recently Mandal and Ravishankar sug- 
gested a doublet model for arbitrarily polarized FQH 
states p2| . However they used two different CS cou- 
pling matrices; one for the unpolarized states and the 
other for the partially polarized states. On the other 



hand, in our approach it is quite gratifying to note that 
one can extract from the single coupling matrix in ((sj) all 
possible odd-denominator filling factors for all possible 
spin-allowed states. 

Soon after the experimental evidence Q of the incom- 
pressible state for v = 5/2, there have been attempts for 
its explanation fl(],|l3| . Noting that the spin unpolarized 
FQH state of v = 5/2 = 2+1/2 at relatively low magnetic 
fields can be considered as a v = 1/2 state at the 2nd LL 
with a sufficiently large LL spacing compared to corre- 
lation energy so that filled Landau levels are inert [fl0|| . 
Bclkhir and Jain (ll| showed that the v — 1/2 ground 
state with a short range interaction can be incompress- 
ible for a wide range of repulsive interactions. Their trial 
wave function is 



J 



N N/2 N 

I n [ n [ n c*. 



j<k=i 



j<k=i 



(17) 



j<fc=f +i 



Here Zj's with j < N/2 are the positions of spin-up 
electrons and z/s with j > N/2 + 1, the positions of 
spin-down electrons. x 2 represents the IQH state with 
two filled effective Landau levels, one for spin-up elec- 
trons and the other for spin-down electrons. tp 1 , 2 above 
is a spin-singlet state corresponding to the fully occupied 
lowest LL for the v = 1/2 state. 

In order to readily visualize the above trial state in 
terms of the CF picture, we choose an electron of, say, 
spin-up with coordinate z\. Then ip 1/2 above contains a 
factor (H 

(zi - z 2 ) 2 {zi - z 3 ) 2 . . . (zi - z» ) 2 x 
x(zi - zn +1 )( Zi - zn +2 ) z N ) . 

We are now able to easily understand from this expres- 
sion that two kinds of flux attachments are 'seen' by the 
electron of up-spin. Namely, this electron sees an even 
number (two) of flux quanta attached to each up-spin 
electron and an odd number (one) of flux quanta attached 
to each down-spin electron. 

We introduce the CS coupling constant, 



b a (z) = 2m^p a {z) + (2m - 1)^" {z) 



(19) 



2m 



-(2m- 1) 



(4m- l)0o V -( 2 ™- 1) 2m 



(18) 



where m is a positive integer. It is easy to see that the 
CS action with a aa i above leads to the same interpreta- 
tion of flux attachment as the composite fermion picture 
of the V'i/2 wave function shown in the expression (17). 
The above spin-allowed CS coupling matrix is similar, 
in form, to the (3, 1, 1) mode treated for bilayer systems 
j^U with the fully polarized spin configuration. Follow- 
ing a procedure similar to the case of the odd denomi- 
nator filling factors, we obtain for the FQHE systems of 
even denominator filling factors, 



This result is in complete agreement with the CF picture 
of Belkhir and Jain shown in (|l7]). That is, each electron 
with spin a (f or |) sees the 2m number of statistical flux 
quanta attached to other electrons of the same spin a and 
the (2m — 1) number of statistical flux quanta attached 
to the electrons of the opposite spin —a. Allowing inde- 
pendent density fluctuations for spin-up and spin-down 
electrons, we readily find from ( |19|) that b a (z) ^= b^ <J (z) 
in general. 

The total number of effective magnetic flux quanta 
seen by the composite fermions of spin a is given by 



= N#- (2m)N e + N-° . 



(20) 



The filling factor v is then, with v a = p a / ( 1 + 2mp a 
(2m - l)??^), 



(21) 



1 -I- 2mpf + (2m - l)pi 1 + 2mp^ + (2m - l)pT 

Indeed, only the unpolarized states can arise, that is, 
the relation ([19]) allows (p^ (z)) = (p^-(z)) for the single 
layer constraint of {b"{z)) — (b~ rT (z)). Quite encour- 
agingly, we find from (pTt) that the spin singlet (spin- 
unpolarized) state of p a = p~ a = 1 leads to the following 
even denominator filling factor, 



T 

v = V s 



4m 



1 

4m 



1 

2m' 



(22) 
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with i/' = = l/(4m). With the choice of m = 1 the 
predicted filling factor from ( p2|) is v — 1/2. By setting 
v a + 1 for the electrons of spin tr in the v a = 1/4 state 
at the second LL, we get the v — 5/2 filling factor. It 
is gratifying to note that the filling factors such as the 
unobserved 3/2 and 7/2 states can not be predicted from 
the use of the CS coupling matrix in (|l8|). Unlike the case 
of the odd denominator filling factors for which all possi- 
ble spin-allowed states are available with the symmetry, 
b a {z) = b~ a (z) in the limit of e — > 0, the CS action with 
(O) for the even denominator filling factors is applica- 
ble only to the spin-unpolarized ground states associated 
sufficiently weak magnetic field to preserve the symmetry 
condition of (b a (z)) = (b^ a (z)) mentioned above. 



III. ELECTROMAGNETIC RESPONSE 
FUNCTIONS AND HALL CONDUCTANCE 



We now closely follow our earlier Chern-Simons the- 
ory fl9[| to derive the electromagnetic polarization ten- 
sor, K^ v . This approach differs from that of Lopez and 
Fradkin §] in that our polarization tensor represents the 
linear response kernel to the fluctuations of the effective 
gauge field rather than the fluctuations of the statisti- 
cal gauge field (see eq. 4.1 in Ref. 9 for comparison), as 
shown below. Allowing the Gaussian fluctuations around 
the stationary state, we write the spin-allowed effective 
action, 



1 



d?x / d 3 y (Alix) 



-~ I d 3 x I d 3 yb T (x) 



IL™ (x,y) (AZ (y) 



(y) 



-V aa ,{\x-y\)a° T b T ,(y) 



(23) 



d 3 x ^ vX ~a a u d v ~ai , 



The polarization tensor IT^ (x, y) here is simply the 
linear response kernel to the fluctuations of the ef- 
fective gauge field A° cS = A° — d° for the system 

made of composite fermions. Here A° (a^) represents 
the fluctuations of electromagnetic (statistical) gauge 
field. By allowing the spin degrees of freedom and 
using the procedure of Lopez and Fradkin H, the 



Fourier transform of the polarization tensor, HZ„ (q,p) 
J d 3 xd 3 ye< qoXo -^e l( P°y o -P^Il™' (x,y) leads to 



with 



II™ ( q ,p) = (2n) 3 6 3 (q + p)Ii;: (q) 



(24) 



(q) 



TTCrcr 
il 0j 



q 2 iC'(<?), 



%e jh q k W x " (q), 

(q) = w©nr (?) - iemkUf (q), 
'(<?) = L0 2 S l3 Tl™'(q) - iuje^W/ {q) + (q 2 «5 i; 



qi q 3 W 2 a (q), 



(25) 



where Hf a (q) = S aa 'Yli. p <T (w, q) with I = 0,1,2 and 
with p a indicating the dependency of the polarization 
tensor on the effective filling factor p a for spin a. 

For the Gaussian integration over a°, we add a gauge- 



fixing term (1/2/3) (9 /J a A *) <5 CT<T into ( |23| ) in order to avoid 
singularity in the inversion of the matrix involving the 
quadratic term in a^. Then we obtain the following 6x6 
'hyper-matrix' for the quadratic term in in the mo- 
mentum representation fll9[] , 



M 



-i q2 (n°°' +c 



+i 9 l(Ilf< r ' + a""') 



"*i"0 IT 
+ l , 2 (n5" T ' + = 



-»9i(nJ c 



(26) 
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With = p i ; (l = 0,1,2) in (||) and © be- 

comes simply the 2x2 diagonal matrix of identical ele- 



ments Ilj^ = Uj' 1 due to the involvement of the 2x2 unit 
matrix. Consequently all these 2x2 submatrices in ( |2"6| ) 
commute with each other and this commutability aids 
matrix inversion. Thus for the cases of both unpolarized 
(p 1 * = p" 1 ) and fully polarized FQH states, the Gaussian 
integral over a M can be performed by using effectively 
reduced 3x3 matrices or by directly taking the inverse 
of the 6x6 matrix. However for the partially polarized 
states we deal directly with the above 6x6 matrix 

After the Gaussian integration over the statistical de- 
grees of freedom a^, we obtain the effective action for the 



T ! I 



electromagnetic fluctuations A^, 



d 3 x 



d^Y, A l( x )K v A^y)K{y)- (27) 



Both spin-up and spin-down electrons are coupled to the 
same electromagnetic fluctuations; Aj^ = Aj^ = A^. Here 
K^, is the electromagnetic polarization tensor which 
measures the electromagnetic response of the FQHE sys- 
tem to a weak electromagnetic perturbation. The com- 
ponents of the electromagnetic polarization tensor in the 
momentum space are obtained H as follows: 



-^00 
K aa ' 

K c " 7 ' 

K aa ' 



= q 2 K^'(cu,q) , 

= uj qj K° a ' (uj, q) + ie jk q k K^' (uj, q) , 
= ^QjKo' 7 ' (w, q) - iejkqkKl" (uj, q) , 



(28) 



= lu 2 6 13 K™ (w,q) 



(w, q) + (q 2 % - (w, q) . 



For the case of spin-unpolarized states, we obtain for Kf a (uj, q) (I — 0, 1, 2) 



-H7'(a CTT ) 2 (V V (w,q)) \ 



( w > q) = a<T<T + ( Q! ' TT ) 2 ( D TT (uj, q 



(a;,q)=-(a CTT ) 2 (^ TT '(^q: 
Here D c " 7 (uj, q) is given by 

D<~>, q ) = u,X T ri5 a '-(ii? 



K CT +n[ ff ) + q 2 (a° T fv(q) TT , 
+ v( q ) T , c (uj\n¥f - (Uf f + q 2 n^'n^') 

* ) + 11 (11 2 — a s VV£cr jq . 



(29) 



(30) 



We obtain, in the limit of q 2 
n^'(o,o) = ^-^5 aa ' = 



(0,0) 



2nB eS 
2tt 



and cj - 

P a m b 
2ir(B - b) 



■*o, 



nr (o,o) = - 



(p CT ) 

27TTOfc 



<5 <T<T , 



(31) 



where m& is the band mass. Here it should be noted 
that the denominator in (0, 0) above is given by 
B cS = B — b, that is, the effective magnetic field seen 
by the composite fermions. On the contrary, it is given 
by the statistical magnetic field in the CS theory of Lopez 
and Fradkin (see their equation, B3 in Ref. 9). 

Using (§), @ and @, we obtain from @ with 
p 1 * = p- 1 = n, 



J 



lim lim Kl a (uj, q) = a a 

uj— >0 q— >0 

1 



W (0,0) 
i 



2tt 1 + 2m(2n) + , 



n[ ff (0,0) 

n + 2mn 2 + 
— 2mn 2 



isn 



—2mn 2 
2mn 2 — 



(32) 



for the odd-denominator filling factors. We obtain in 
the limit of q 2 — * and ui — ► 0, 



1 



2n 



2n 1 + Amn 



v 

2^ 



K^Q, 0) = £ K ? a (0, 0) = lim — - 

z — ' e^O Z7T 1 



2n 



2m(2n) + e 2 n 2 



For a weak external electric field Ej, the induced cur- 
(33) rent is J, = ifi(0, 0)cjiEj. Thus if i (0,0) is the same 
as the Hall conductance a xy of the FQHE system, which 
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correctly represents a fractional multiple of Using 
@, © and @ for @ the compressibility for the 
unpolarized states is simply k = lim g ^o Kqq(u!, q) = , 



indicating the incompressible states. 

Likewise for the even-denominator filling factors, 



lim lim KV 



0,q) = 



2mn 



-{2m-\)n 2 

2^1 + 2m(2n) + (4m - l)n 2 \ -(2m - l)n 2 n + 2mn 2 



(34) 



and Ki(Q, 0) = l/(27r2m) in this case with n = 1. Al- 
though we do not write the explicit form of ifj <T ' T (w,q) 
(/ = 0,1,2) here for the partially polarized states, one 
can find from a similar procedure the Hall conductance 
and incompressibility. 



r 



dom phase approximation (RPA) of Halperin, Lee, and 
Read fn]| . They obtained a correct frequency scale for 
low-energy excitations and found a shallower magnetoro- 
ton minimum for the v = 1/3 Laughlin state compared 
to other studies l2lJ25tl. 



IV. COMPUTED SPECTRA OF COLLECTIVE 
EXCITATIONS 

There have been several theoretical attempts to obtain 
the collective excitations of fully polarized states. By us- 
ing the single mode approximation (SMA) developed in 
analogy with the Feynman's theory of superfluid helium, 
Girvin, MacDonald, and Platzman [^4| calculated collec- 
tive excitations of the Laughlin (v = l/(2m + 1)) states 
with to positive integer and found the existence of rela- 
tively deep minima in the energy dispersion for m = 3, 5 
and 7. Recently Kamilla, Wu, and Jain used the CF 
wave functions to investigate the collective excitations of 
various FQH states |^5| and also found the deep minima. 
Based on the CF picture, Chern-Simons field theoretical 
approaches have been used to obtain the collective exci- 
tations of the FQH states; Lopez and Fradkin found a se- 
ries of collective modes for fully polarized incompressible 
states [ p3| , and taking into account large mass renormal- 
ization, Simon and Halperin pq| modified the earlier ran- 



A. Collective excitations for odd denominator FQHE 

In the odd denominator FQH states for which the ef- 
fective filling factor is an integer in the IQH state of CF, 
there exist three different cases of spin-allowed states; the 
spin unpolarized state, p^ — p^; the partially polarized 
state, p 1 ' ^ p^ and the fully polarized state, p^ ^ 
and p^ = 0. 

Earlier the collective modes of the fully polarized 
FQHE were examined by Lopez and Fradkin |23|| . Their 
computed energy dispersion was accurate only at low val- 
ues of q due to the use of the lowest order term in q. In the 
present study, in order to examine collective excitations 
for the wider range of q we include higher order terms 
in q and compute the poles of Kqq numerically. We 
adopt the components of one-particle polarization tensor 
derived by Lopez and Fradkin, which can be extended 
to the following generalized expressions to allow for the 
spin-unpolarized, partially polarized, and fully polarized 
FQH states p7|, 



nr (w,q) 



nr (w,q) 



oo p"-l , ,. 

9 2 \ " \ " (TO m ) m . 2(m-m')t j-m-m' f-2\]2 

^ ^ - (ohn - u m A 2 ml 9 [m ' {q )l ' 



(W,q) = S^-— e ^^21 \2 I 

(27r)TO fc ^ - (uj m -w m >y to! 



r>2 

-8 cff 



m=p" m 
oo p" — 1 



E V \ m - m - ^J_fj2(m-m') j m-rn' / -2\ 

^ uj 2 -(u m -u> m ,) 2 m\ q ^ [q > 



m=p" m'=0 



■{?[L™7 m '(f) + 2LZ7 m ;-\q 2 ){l - S m , t0 )} - (to - m')LZ7 m \f)} , 



-6 ,- B «* 

Vera' 



oo p"-l , n 

-f V" V" (TO -TO) T»! 2 fm-m'-n 

— (u> m — uj m ') 2 to! 

m=p" m'=0 V ' 



(27r)2mg 

x [L™7 m '(q 2 ) + 2L™7™ 1 - 1 (?)(1 - 8 m ,, )} 
x{q 2 [L^ m '(f) + 2LZ7 m ;-\q 2 )(l - <W,o)] - 2{m - m')L™7 m ' (f) } 



(35) 
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with q 2 = q 2 /(2 J B off ) = q 2 /2(B-b). Differences in the 
effective filling factors p a in the expression ([35]) here per- 
mit three different spin allowed FQH states mentioned 
above. Due to the neglect of spin wave mode and spin 
flip, the Zccman coupling dose not affect the density re- 
sponse kernel since the spin dependent chemical potential 
contribution disappears in the denominator of Hf* (lu, q) 
(Z = 0,1,2). In the present study, by keeping virtual ex- 
citations up to the 9th effective LL in Tli(uj,q) in ( |35| ) 
above we compute collective excitations from the poles 
that appear in the density-density correlation functions 



1. Fully polarized FQH state: p 1 = 0,p^ / 

For the fully polarized Laughlin states, p 1 ' = 0, the 
one-particle polarization tensor (^) has non-vanishing 
components only for spin-down electrons, n^(w,q). 
The poles of the density-density correlation functions 
Kqq (w,q) i n (f28[ ) are obtained from the zeroes of the 
determinant [£8| of [(a crcr )~ 1 } 2 D aa (w,q) as can be seen 
from ( |29| ) and (|3^). Obviously the expression of fre- 
quency dispersion at small q values for the fully polarized 
states is the same as that of Lopez and Fradkin [£3| . Thus 
we avoid repetition here. 



In Fig. [I] we display numerical calculations of collec- 
tive excitation spectrum for v — 1/3. As long as the 
short range interaction energy is in the order of the mean 
effective field gap uj c g, we find that the dispersion uj(q) 
does not change appreciably. We choose a constant value 
of v(q) = A/5huj c with B ~ 10T which is in the same or- 
der of magnitude as the Coulomb repulsion energy e 2 /cIq. 
Another choice of the interaction potential, v(q) ~ 1/q 
does not appreciably alter the energy dispersion. This is, 
indeed, consistent with the earlier studies based on the 
Laughlin wave function p8| . The computed results are 
in excellent agreement with the unrenormalizcd RPA re- 
sults of Simon and Halperin p(| . In Fig. |l| the width of 
striped band represents the g^Mimes the weight of poles 
of the density response function Koq(lu, q). The width be- 
comes negligibly small when q becomes larger than 5/Zo- 
Such damped collective excitation is already pointed out 
by Lopez and Fradkin [ p3| , which is thought to occur 
when the excitation energy becomes equal to an energy 
to create the lowest available two-particle (particle-hole 
pair) state at sufficiently large q. 



2. Unpolarized FQH state: p^ — p^ 



3 
3 



v=l/3 

fully polarized 




1 1 ■ 1 ■ ■ ■ 

nullum 1 

1111 





1 2 3 4 5 

FIG. 1. Collective excitation spectrum for fully polar- 
ized FQH states at v — 1/3 with the short range potential 
v(0) — 4:/5hLj c . The center of each stripe shows the pole 



and width of striped band represents q 
(residues) of the pole in Kqq. 



times the weights 



J 



lim U(oj, q) 



^ 2 n 2 - (rii 



1 1 

2tt 4m 



1 + n (uTT - v nW 



To the best of our knowledge, there exists no report on 
comparative studies between the spin unpolarized states 
and the spin fully polarized states for the choice of the 
same filling factors. We first consider the excitation mode 
for the unpolarized case with weak Zeeman coupling. As 
an example, we consider the filling factor of v = 2/5 
with = p- 1 = 1 and m = 1 in (ph. The poles of the 
density-density correlation functions Kqq (lu, q) i n ( J 2g| ) 

are obtained from the zeroes of the determinant |28j|of 

2 



[a aa )" 1 (w, q) as can be seen from (g9|) and (J30|) 

or from the zeroes of the determinant of 6 x 6 hyper- 
matrix (|26| ) for the spin partially polarized states. We 
obtain the collective excitations for the unpolarized state 
by finding the zeroes of the determinant through cither 
one of the approaches above. 



detM 



(27r) 2 (4m) 2 (w 2 



„2\4 



e 4 /3 2 



-tf(w,q) 



(36) 



where 



) 2 + n (n 2 
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(37) 
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with il, = n; 1 = n 



TT _ ttH 
I ■ 



V=2/5 



fully polarized 

ill' 








V=2/5 

unpolarized 




1 l 

FIG. 2. Collective excitation spectrum for both the spin 
fully polarized and unpolarized FQH states at v = 2/5 with 
the short range potential «(0) = 4/5huj c . The center of each 
stripe shows the pole and width of striped band represents 
q~ 2 times the weights (residues) of the pole in Kqq. 

Here u-j-f and v-\i are the zeroth order coefficients of the 
Fourier transform of the interaction potential between 
the composite fermions of the same spin or opposite spins 
and are identical, i.e. = v-^ = v. The energy dis- 
persion relation obtained from the zeroes of ( |37| ) then 
becomes similar, in form, to the fully polarized case f23| | 
of v = 1/5 except the difference in the potential energy 
dependent term (2v for v = 2/5 and Iv for v = 1/5). 
There exists only one mode whose residue is proportional 
to q 2 at the cyclotron frequency, uj c = 5w e gp. By keeping 



only the lowest order term in q and using (|35|) and ( |37[ ) 
its frequency dispersion of u>(q) is given by 



w(q) 



+ ( 



q 2 x 2 / 16 



ArribV , 
2tt ' 



(38) 



with the residue (weight of poles) for the density response 
function Kqq 



Res(K™ ,u; ± (q)) 



-q 2 w c 



2tt 



(39) 



thus clearly satisfying the Kohn's theorem [£9| , which de- 
mands that there should be only one mode converging to 
the cyclotron frequency with residue proportional to q 2 
in the long- wavelength limit po| . From the direct anal- 
ogy to the fully polarized case, one can also show that 
the v — 2/5 state satisfies the /-sum rule [p3[ . 

We computed the case of fully polarized FQH states 
at v = 2/5 (see Fig. and found a clear minimum for 
the lowest excitation mode. Unlike the case of the spin 
fully polarized state for v = 2/5 there is an almost flat 
minimum for the lowest mode for the choice of spin unpo- 
larized state, as shown in Fig. One of the two modes 
at the zero momentum excitation energy of lo c = 5u c s 
rapidly increases with q; this computed mode follows an- 
alytic behavior of cu(q) ~ q 2 near q = 0. Besides we note 
that there exist differences in the number of subbands for 
higher lying collective excitation modes between the two 
different states. Both cases show Kohn's modes at the 
long- wavelength limit. On the other hand the weight of 
the lowest excitation mode for the fully polarized case is 
somewhat larger than that of the unpolarized case. 



3. Partially polarized FQH state: — + 1 



It is not clear |3l|] whether the FQHE occurs with the 
fully or partially polarized states of odd denominator fill- 
ing factors if the spin wave mode or spin flip excitations 
can happen. However it is thought that the incompress- 
ible states of IQHE at odd integer filling factors are pos- 
sible if there exist large correlation effects between elec- 
trons; Sondhi et al. [p2| showed that the fully polarized 
odd integer v — 1 state always has a gap due to the 
correlation effects, even if the Zeeman energy vanishes 
and spin flip is allowed. Similarly such FQH state corre- 
sponding to the odd integer effective filling factors (e.g. 
v = 1/3 or 3/7) in the CF picture may be also possible 
if there exist large correlation effects between compos- 
ite fermions In the present calculations we did not 
consider the correlation effects between the composite 
fermions for the fully or partially polarized FQH states. 
Further we would like to point out that the computed en- 
ergy dispersions represent collective excitations without 
the consideration of spin wave mode and spin-flip pro- 
cesses. For sufficiently large effective LL spacing, FQH 
states for the odd effective filling factors naturally occur. 

With p~ a = p a + 1 for the partially polarized states, 
the diagonal elements of Hf 7 are no longer identical, 



that is, nJ T / Uf l in (^5|) due to the difference m popu- 
lation between the up-spin electrons and down-spin elec- 
trons. The poles of the density-density correlation func- 
tions Kqq (lu, q) are obtained from the zeroes of the de- 
terminant of the 6x6 'hyper-matrix' (p6|). We obtain 
the determinant through the symbolic calculation using 
Mathematica |B3fl, 



T ! 1 
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de t M=-< 2 ^>y + q'>Vv, q) 



s 4 f3 2 



(40) 



where 



ihnp-'(., q ) = ^(ni + n£) 2 - (nl + n| + ±-±-)' 



■n£nj 



1 1 



rr 



47r24m2 (nJ + ni), 
-(v^ - v n )q 2 x L 2 nJni(nJ + n£) - njnj(nj + nJ,) q 2 
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(41) 
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FIG. 3. Collective excitation spectrum for both the spin 
fully polarized and partially polarized states at v — 3/7 with 
the short range potential d(0) = 4/57k<j c . The center of each 
stripe shows the pole and width of striped band represents 
q~ 2 times the weights (residues) of the pole in Kqq. 



The dispersion of the collective excitations for the 
v = 3/7 with m = 1 and = vn is plotted in Fig. ||. 
The numerically obtained Kohn's mode w = 7w e ff = 
at the zero momentum is quite satisfactory with a maxi- 
mum width as q 2 — > 0, as shown in Fig. ||. We note that 
besides the differences in the energy spectrum the lowest 
excitation mode for the spin partially polarized state of 
v = 3/7 has a much shallower minimum compared to the 



case of the fully polarized state. 

There exists discrepancy between our predicted en- 
ergy gap and the experimentally observed energy gap; 
by choosing a typical value of magnetic field B ~ 10T, 
our predicted energy gaps are about 0.8w c ff ~ 50K with 
band mass mj, = 0.066m e (m e , the electron bare mass) 
as shown in Figs, [l] through || which is about 2 to 
4 times larger than the experimental values jl5],[l6) of 
~ 0.1e 2 /do ~ 16K with the choice of e = 13 for dielec- 
tric constant. 

For the fully polarized states this problem is reme- 
died by the mass-renormalized RPA study of Simon and 
Halperin pq |. Their finding is that the magnetoroton 
minima are much less pronounced than those calculated 
from the unrenormalized RPA, and further comparison 
of the mass-renormalized RPA method with the results 
from the exact diagonalization method showed a 
good agreement particularly at low energies. In the 
present study, we noted marked differences particularly 
in the lowest collective excitation mode between the fully 
polarized states and the spin unpolarized or partially po- 
larized states. Judging from the shallower magnetoroton 
minima with other than the spin fully polarized states, we 
believe that a study of finite-size system through an exact 
diagonalization procedure [B5[ for the spin-unpolarized 
or partially polarized states of odd denominator filling 
factors may still lead to shallower magnetoroton minima 
than the fully polarized case. 



B. Collective excitation for v — 1/2 state 



For the v — 1/2 state, we consider the case of the ef- 



fective filling factor, = p^ = 1 and m = 1 in Jig ) 
with sufficiently small Zeeman coupling. The effective 



cyclotron frequency is u> eS = . 



'eff 



: W c /4. 



The poles of are obtained from the zeroes of the 
determinant of (26), 



detM 



_2\4 



ff 2 



-/(w,q)xO(w,q), (42) 



where the determinant is factorized into two parts, in 
order to obtain, 



10 



/(c,q) = c 2 n2-(n 1 + ^i) 2 

Z7T 3 



1 i. 

n 2-4^2g(^TT+«u) 



q 2 = 0, 



(43) 



which leads to the 'in-phase' residues and 

1 „ 



0(w,q) 



w 2 n 2 - (ni 



2tt' 



-Ho 



i 



0. 



(44) 



The latter part ( |44| ) yields the 'out-of-phase' residues; 
that is, 



Res(Koa,u>(q)) 



1 -1 

-1 1 



(45) 



Unlike the case of bilayer svstem JjJ , the residues for the 
out-of-phase mode from (||]) yield null contributions to 
the density response function after the summation over 
(J in (p~~ 



We find from (43) with the use of ( p5|) that there exists 
only one mode whose residue is proportional to q 2 at the 
zero momentum frequency, uj c = 4w e ff, 



w(q) = 



6m b v q 2 2 

( 6 + — ~ TTTiH ^cff 



7T 2B, 



off 



with 



i?es(if o,^(q)) = -q 2 w c — 

87T 



1 1 
1 1 



(46) 



(47) 



In Fig an almost flat minimum is shown for the lowest 
energy mode. As seen from (^7|) , the residue for the mode 
of zero momentum cyclotron frequency 4w c ff is propor- 
tional to q 2 satisfying the Kohn's theorem |29| , |30[| . 
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There exists a large discrepancy between our pre- 
dicted energy gap and the Zeeman energy; in the case 
of GaAs system the reallistic Zeeman gap is estimated 
to be - 1.7K for v = 5/2, and - 8.5K for v = 1/2 
with the choice of B ~ 15T for v = 1/2 and g ~ 0.5 for 
the g factor, while the computed energy gap is ~ 40K 
at the minimum of the lowest collective excitation mode. 
To agree with the experiments [Q which showed the com- 
pressible state at v = 1/2 and the incompressible state at 
v = 5/2, the predicted energy gap of the singlet v = 1/2 
state should be substantially reduced. 



V. CONCLUSION 

In the present study, we introduced a spin-allowed 
U(l) x U(l) Chern-Simons theory to extract all the 
known odd denominator filling factors from a single 
Chern-Simons coupling constant (matrix) and derived 
the formal expressions of spin-allowed electromagnetic 
polarization tensors corresponding to all the odd denom- 
inator filling factors. Further we computed the collec- 
tive excitation spectra for various odd denominator filling 
factors in order to examine differences in the collective 
modes between the different cases of the fully polarized 
states and the unpolarized or partially polarized states. 

One of the salient features from the present CS the- 
ory is that all possible odd denominator filling factors 
corresponding to the spin-unpolarized, partially polar- 
ized, and fully polarized states can be generated from 
a single CS coupling matrix. By comparing the collec- 
tive excitation modes of v = 2/5 and 3/7 for the cases 
of the spin-fully polarized and unpolarized or partially 
polarized states, we find that both the unpolarized and 
partially polarized FQH states have much shallower min- 
ima for the lowest collective mode compared to the fully 
polarized cases. The Kohn's theorem |2^] was satisfied 
for all the predicted collective excitation modes. Judg- 
ing from the predicted shallower magnetoroton minima 
with other than the spin fully polarized states, we be- 
lieve that a study of finite-size system through the exact 
diagonalization procedure p5[ for the spin-unpolarized 
or partially polarized states of odd denominator filling 
factors may also lead to shallower magnetoroton minima 
than the fully polarized states. In this paper, we did not 
allow the spin-flip and spin-wave mode. Taking into ac- 
count the spin-flip and spin- wave mode, the contributions 
of exchange energy may deserve some attention utilizing 
the present theory in the future. 



1 l o 

FIG. 4. Collective excitation spectrum for both the spin 
unpolarized state of v — 1/2 with the short range potential 
v(0) — 4:/5hLj c . The center of each stripe shows the pole 
and width of striped band represents q~ 2 times the weights 
(residues) of the pole in Kqo- 
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